Consider the singular Dirichlet problem 
Introduction
Consider the boundary value problem
where p, q ∈ L loc (]a, b[). We are mainly interested in the case, when the functions p and q are not integrable on [a, b] . In this case, the problem () 
then, for the singular problem (), (), the Fredholm alternative holds. More precisely, the following theorem is true. http://www.boundaryvalueproblems.com/content/2014/1/59
Theorem . ([, Theorem .]) Let () hold. Then the problem (), () is uniquely solvable for any q satisfying () iff the corresponding homogeneous equation u = p(t)u (a)
has no nontrivial solution satisfying ().
The aim of this paper is to show that, under the assumption (), the Fredholm's third theorem remains true. Before formulation of the main results, we introduce the following notation.
R is the set of real numbers. Theorem . Let () hold. Then the homogeneous problem (a), () has no more than one, up to a constant multiple, nontrivial solution.
Remark . Below we will show (see Proposition .) that if () holds and u  is a nontrivial solution of (a), (), then there exists r  >  such that 
Next proposition immediately follows from Lemma ..
Proposition . Let () hold and u  be a nontrivial solution of the homogeneous problem (a), (). Then there exists r
Hence, the inequality
holds, as well. The latter inequality, by virtue of [, Lemma .], implies that for any a
has no nontrivial solution. Now suppose that u  is a nontrivial solution of (a) satisfying u  (a) =  (respectively, u  (b) = ). Then it follows from the above that either
It is now clear that () holds with a  = a  (respectively, b  = b  ) if () holds, and with
Lemma . Let () and () hold. Let, moreover, u be a solution of the problem (), () and u  be a solution of the problem (a), (). Then
Proof It is clear that
where
By virtue of Proposition . and condition (), the function qu  is integrable on [a, b] . Thus, it follows from () that there exists a finite limit
Now we will show that ε  = . Suppose the contrary, let
On account of Proposition ., we can assume without loss of generality that
Then it follows from () that
. Taking now into account Proposition ., we get from () that
where ε  = ε  r   (b-a)  . The latter inequality, in view of the conditions u  (a) =  and u(a) = , implies that
On the other hand, by virtue of Lemma ., there is M >  such that
In view of () and (), we get
and therefore, on account of (), we obtain
Then it is clear that
and consequently
However, the latter inequality and () yield that ε  ≤ , which contradicts (). The contradiction obtained proves the first equality in (). By the same arguments one can prove the second equality in ().
We will need the next lemma in the proof of the sufficiency part of Theorem . and thus, we will suppose that Theorem . and the necessity part of Theorem . are true.
Lemma . Let () hold and the homogeneous problem (a), () have a nontrivial solution u  .
Then there exist n  ∈ N and r >  such that, for any q satisfying () and () and every n > n  , the solution u of the problem
Proof Suppose the contrary, let the assertion of the lemma be violated. Then, for any n ∈ N, there exist
Introduce the notatioñ [p(t)] -ũn (t) +q n (t)) and (), we have
Then it is clear that
while, by virtue of Lemma . (with
On account of () and (), the sequence {u n } +∞ n= is uniformly bounded and equicontinuous in ]a, b[. Thus, by virtue of the Arzelà-Ascoli lemma, we can assume without loss of generality that
where v  ∈ C(]a, b[) and, moreover,
In view of () it is clear that
Hence, on account of (), (), (), and (), we get
Therefore, v  ∈ AC loc (]a, b[) and v  is a solution of equation (a). On the other hand, it follows from (), in view of (), (), and (), that
and thus v  is a solution of the problem (a), (). By virtue of () and (), it is clear that there are n  ∈ N, a  ∈ ]a, a  ], and
Therefore, ũ n [a  ,b  ] =  for n > n  . Taking now into account (), we get that v  [a  ,b  ] =  and, therefore, v  is a nontrivial solution of the problem (a), ().
By virtue of Theorem ., there is λ =  such that
Moreover, in view of the necessity part of Theorem . (with Taking into account (), we get
Hence, () implies the inequality
which, together with (), results in
Since α and β were arbitrary, we get from the latter inequality that
Taking now into account that v  ≡ , we get [p] -≡ , i.e., p(t) ≥  for t ∈ ]a, b[. However, in this case the problem (a), () has no nontrivial solution, which contradicts the assumption of the lemma.
Proofs
Proof of Theorem . Let u  and v  be any nontrivial solutions of (a). By virtue of Lemma . (with u ≡ v  and q ≡ ), we get
On the other hand, clearly
and, therefore,
It is clear that u  (t  ) =  since otherwise u  ≡ . Then it follows from () that
and
Evidently, w is a solution of equation (a) and w(t  ) = . However, it follows from () that w (t  ) = . Consequently, w ≡  and thus u  ≡ λv  .
Proof of Theorem . Let u  be a nontrivial solution of (a), () while u be a solution of (), (). Put
It is clear that
Hence, 
